NONSTATIONARY DISTRIBUTION OF CONCENTRATIONS
IN A CHEMOTRON CONVERTER
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The problem of nonstationary distribution of the concentration of an oxidized component of the
electrolyte in the cathode region of a chemotron converter is solved.

It is well known that the mogt important characteristics of a chemotron converter are detérmined by
the distribution of the concentration of the oxidized component of the electrolyte in the cathode region [4].

We consgider the problem of computing the time~varying concentration of the oxidized component of the
electrolyte in the cathode region of a chemotron converter,

We shall assume that the cathode channel is a rectangular parallelopiped of finite dimensions
0Lxaq, '
Q0Ly L,
0Lz h

The surfaces x = 0 and x = a of the parallelopiped and the cathode of the converter are made of a ma~
terial that is chemically inert to the used electrolyte, The walls z = 0 and z = h are assumed o be made of
a chemically stable insulating material, We assume further that the convection rate is constant and is di-
rected along the 0Oy axis and that the molecular diffusion along the 0z axis can be neglected, ie,, 8%c/8z% = 0,

Under the condition of stationary flow of the liquid along the channel the equation of convective diffu-
sion has the form [2]
oC -
- ogC = Dy?C.
Y + vy v
If we use the above model of the cathode region, then with the assumption made above the problem
under investigation reduces to the infegration of the differential equation

L 0% p[ 20, 20 v
ot dy Ox? dy?
with the boundary conditions
CO, 4 H=0, 0yl >0, 2)
Cla y =0, 0yl >0, @)
Cx, 0, H=C,, O<x<<a, (>0, @)
Cix L, H=C; O<x=a, >0 5)
and the initial condition '
Cix, g, ) =Cp 0gKLx<a 0Lyl ®)

Here C, is the concentration of the oxidized component of the electrolyte at the entrance to the cathode
region, and C; is the concentration at the exit from it, taken along the direction of flow of the electrolyte.
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We shall seek the solution in the form of the sum
Clx, g )=C(x 9 +C(x, 4 o), (@)

where C (x, y) is the solution of the stationary problem (8C/6t= 0), satisfying the boundary conditions (2)-
(6), and C(x, y, t) is the solution of the nonstationary problem with initial conditions Cy— C(x, y) and homo-
geneous boundary conditions, i,e.,

C(, y, t) =0, 0Ly <!, >0, @
Cla, y £)=0, 0<y<L, >0, @")
C(x, 0, ) =0, O<x<<a, t>0, @')
Cx, I, 1) =0, O<x<<a, (>0, (")
Cy 0)=C,—C(x, y), 0<x<a, 0<y<L ©")

It is easy to verify that the solution of the stationary problem satisfying boundary conditions (2)-(5)
is the function

(8)

\‘«ﬂ

@ —Dx
a

= v ) .
Cx, y) = @ —1) sh . { c, exp{ — Q—D} sh vy, 1y =+ CoSh vy -y ({ — y)} sin

vz,{_lrzl/(%)z—F( ] n) ©)

Further, it can be shown that the function

_y_
7 P D d

Here

Z’(x 4. f):exp{ }EZMnmexp{—M }sm——xsm—l— Y, (10)

nw \? mm \2 v?
- = a2
=0 (5 ()] 5

4 - o) . nmo .
M, = —- (T Co— C(x, )] ex ————}sm——xsm
= uf [Co—C(x, 9)] p{ o Sin =

where

1)

mln - ydxdy,
0o
satisfies Eq. (1) and conditions (2')-(6").
Thus the complete solution of the investigated problem is the sum of the functions (8) and (10),

Formulas (8), (10), and (11) are considerably simplified if it is assumed that at the exit from the
cathode channel a constant concentration C; = 0 is maintained, Then the stationary distribution of the con-
centration of the oxidized component in the cathode region will be determined by the function

vV Coshvy (—y) . (2k—Dyx
Cx, —»—ex vy}§: 0 511 Vg : 12)
% 9) 1 P { 2D (2k — 1) shwvy, |/ - a g

Series (12) converges quite rapidly everywhere if v does not tend to zero, It can be written in the
form of two series in the following way:

Clr, g) = —Co exp {_vy_}{z Xy} _%’:l)ﬂ ~2 L vy (— ] sin (zk—l)nx}_
k=1

n 2k —1 shvy,f a

For all real converter systems v and ¢ are appreciably smaller than unity; therefore, as seen from
{9), we can take
@2k —1)n
—

Vop-1 =

with a large degree of accuracy.
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Making this substitution in the first of the series we have

. = 1 (2k—1)nz : 1 shwy,. . (2k —
B, y) = if_ exp { v } { E S m [exp {L (__;1_1__” — NV vy o vzh_ll}s,n@k_;ﬂ} ,
' k=1

7 2D st 2k — 1 shvy.f

where z = x + iy.

But it is known [1] that

Z 1 exp {i(——————Qk*I)M}=Arth exp{ iz } .
d 2k —1 a a

Therefore
Z?(x, Yy = —4—5-9— exp f—;%}{lm [Arth (exp[%‘—z}\”-—g' exp2{k—;vfh_,l} S‘S:?;“_‘z sin (2k—al)ﬂ x},
or [1]
’ oC sin - c L} sh ok — 1
Cx g)=—" exp {%} arctg Shi"y ~ kzl E%Pék—_‘izr;ﬂ} Ssh:izlj sin { — LN
7 =

The sum of the last series is small everywhere in the open rectangle 0 = x =g, 0<y =1, and the series
converges very rapidly [3]. Therefore, for engineering computations only the first term of the series need
be used and we can take

. mX :
s shvy X
— 2exp {v,l} — sin —=

p {vil} shwl " (13)

l

C‘(x, y) = —2—%— exp {%5} arctg

with a large degree of accuracy, In the abovementionedcase, expression (13) can be used in formulas (7),
(10), and (11) instead of expression (8).

NOTATION

is the concentration;

is the rate of convection of the electrolyte;
is the diffusion coefficient;

is the time;

is the Hamilton operator;

is the rectangular parallelopiped.
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